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Abstract
We design and fabricate two types of superconducting niobium coplanar waveguide microwave resonators
with different coupling capacitors on high purity Si substrates. Their microwave transmissions are measured
at the temperatures of 20 mK. It is found that these two types of resonators possess significantly-different
loaded quality factors; one is 5.6 × 103, and the other is 4.0 × 104. The measured data are fitted well
by classical ABCD matrix approach. We found that the transmission peak deviates from the standard
Lorentizian with a frequency broadening.
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In recent years much research attention has been paid to superconducting coplanar waveg-
uide (SCPW) resonators due to their easy fabrications and many potential applications. A typical
example is for the kinetic inductance detectors[1], which can work in optical-, UV-, and X-ray
ranges[1–5]. Other applications include bifurcation- [6] and parametric amplification[7–9], as
well as solid-state quantum computation[10, 11]. Technologically, CPW resonators can be eas-
ily fabricated due to their simple single-layer film structures: Their center strips and the relevant
grounds are made in the same planes with the same material. Therefore, they are very convenient
to be integrated into various parallel devices.
Usually, quasi-TEM modes propagate along the CPWs with sufficiently-narrow center strips.
For the practical applications, two types of CPW resonators are mainly considered. The λ/4
shorted CPW resonators, one side is coupled to the feed line for measurement and the other side
is shorted directly, are mainly used for kinetic inductance detectors. While, the λ/2 opened CPW
resonators are mainly used in quantum information, solid-state quantum optics, and parametric
amplifiers, etc.. In these structures, the resonators can be coupled outsides via various capacitive
configurations, such as finger, gap[12], and overlap ones, respectively. In this paper, we experi-
mentally demonstrated the λ/2 opened Nb SCPW resonators with two types of coupled capacitors.
By using the standard vector network analyzer we measured their microwave transmission coeffi-
cients S21 at low temperature 20 mK and obtained very different transport properties, which should
be useful for the further applications.
a
b
c
d
Fig. 1. The demonstrations of λ/2 Nb CPW resonators with different coupling configurations. (a) The
resonator couples outside via two overlap capacitors shown in (b). (c) The resonator couples outside via
two finger capacitors shown in (d). Here, the white region represents the applied Si substrates, and the grey
region is the deposited metallization on the substrate.
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The two types of Nb λ/2 CPW resonators designed and fabricated are shown in Fig. 1. Where,
both of the resonators were fabricated on a high-purity Si wafer. The thickness of the Nb films de-
posited (by sputtering method) on the Si substrate is about 0.16µm, and then the desired structures
are produced by the photolithographic technology. For the first CPW resonator (a), the center con-
ductor has a width of 5µm, the gap between the center conductor and ground plane is also 5µm,
and the length of the meandering resonator is L1 = 19.088mm. The length of the coupling finger
capacitors (b) at input/output ports is Lf = 35µm, and the width d1 of finger and the gap s1 of the
center conductor separated from ground plans is the same as the width w1 of the center conductor,
i.e., s1 = d1 = w1 = 5µm. While, the second CPW resonator shown in Fig. 1(c) has the relevant
parameters: L2 = 18.258mm, w2 = 20µm, s2 = 15µm, d2 = 7.5µm, the gap between the two
fingers is 5µm, and the length of finger is 50µm.
The microwave transmissions through the resonators are measured in a 3He-4He dilution re-
frigerator at the base temperature of 20mK. We use a 14GHz Agilent E5071C vector network
analyzer (VNA) to measure the transmitted coefficient S21 (see Fig. 2). In order to avoid vari-
ous non-linear effects, the two resonators are driven respectively by -60dBm and -50dBm input
power. Theoretically, the fundamental frequency f of a λ/2 resonator can be evaluated as
f =
c√
εeff
1
2L
, (1)
where c is speed of electromagnetic wave in vacuum, εeff is the effective permittivity (which is
the function of the CPW geometry and the relative permittivity εr of substrate). And, L = λ/2 is
the length of the resonator.
Fig. 2. Schematic diagram of the our low-temperature microwave measurement system. Gray boxes repre-
sent the attenuators.
3
The loaded quality factory QL of the resonator can be obtained by measuring its transmission
coefficient S21 (dB), i.e., QL = f0/∆f with f0 is the measured resonant frequency and ∆f the
3dB bandwidth of the transmitted peak. Physically, the quality factory QL can also be expressed
by
1
QL
=
1
Qext
+
1
Qint
, (2)
with
Qext =
ω0R
′C
2
, R′ =
1 + ω20C
2
cZ
2
L
ω20C
2
cZL
, ω0 = 2pif0, (3)
describing the influence from the outsides[13], and
Qint =
pi
2αL
, (4)
the internal losses. Above, Cc, α is the coupling capacitance and the internal losses of the res-
onator, respectively. Also, ZL = 50Ω is the characteristic impedance of outside the microwave
lines. Experimentally, the coupling coefficient g = Qint/Qext, between the resonator and the mi-
crowave feed line[14], can be determined by observing the insertion loss of the resonator (i.e., the
declination of peak from unity)[13]:
L0 = −20 log( g
g + 1
). (5)
Here, g = 1, g > 1, and g < 1 refer to critically coupled, overcoupled, and undercoupled,
respectively. Our measurements show that both of the two CPW resonators measured here are
undercoupled. Furthermore, from Eqs. (2) and (5) and also the measured QL we can deliver the
Qint- and Qext parameters. Next, we can calculate the coupling capacitance Cc and the internal
loss α.
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Fig. 3. Amplitude of the measured transmission coefficients S21 through: (a) the first λ/2 resonator and its
dB format (b); (c) the second λ/2 resonator and its dB format (d). Here, the blue points are the measured
data, and the black and red curves are fitted results by using transmission matrix (TR) theory and Lorentzian
line shape. The data indicate the manifest background noise at the points deviated obviously from the
resonance.
The measured S21 parameter can be fitted by the usual transmission ABCD matrix theory[14],
i.e.,
S21 =
2
A+B/ZL + CZL +D
. (6)
Here, the ABCD parameters are determined by the equation

 A B
C D

 = TzTcpwTz, (7)
with
Tz =

 1 (jωCc)
−1
0 1

 , ω = 2pif, (8)
and
Tcpw =

 cos(βL) jZcpw sin(βL)
j(Zcpw)
−1 sin(βL) cos(βL)

 . (9)
Where, j is the imaginary unit, β = ω/vp, vp = 1/
√
LlCl, and Zcpw =
√
Ll/Cl is the characteris-
tic impedance with Ll, Cl being the inductance and capacitance per unit, respectively. Note that,
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for the present case CPW has non-zero loss and thus β in Eq. (6) should be replaced by (α+jβ)/j.
Practically, Ll and Cl can be calculated by using the so-called conformal techniques[15, 16]:
Ll =
µ0
4
K(k′)
K(k)
, Cl = 4ε0εeff
K(k)
K(k′)
, (10)
where µ0 = 4pi × 10−7 H/m and ε0 =8.85×10−12 F/m are the permeability and permittivity of
free space, respectively. Also, εeff = (εr + 1)/2 with εr = 11.9 for the Si substrate. And, K(k)
represents the first kind complete elliptic integral with
k =
w
w + 2s
, k′ =
√
1− k2. (11)
With the above relations and the experimental data, we obtained Cl ≈ 1.46 × 10−10 F/m for the
first resonator, and Cl ≈ 1.58× 10−10 F/m for the second resonator.
Take into account cable losses (which is measured as 14dB), the L0 in equation (5) is practi-
cally not the real insertion loss of the CPW resonator. We can also change Eq. (6) into the usual
logarithmic units(dB), i.e., S ′21 = 20 log10 |S21|(dB). Consequently, Cc for each resonators can
also be fitted by using the least-square method, and the results are listed in Table I. It is shown
that, the fitted and the above calculation based Eq. (3) of the coupling capacitance Cc agree well;
the deviations δCc = C ′c−Cc of the fitted C ′c compared to the theoretical calculations Cc are really
samll, e.g., δCc = −0.14% for the first resonator and δCc = −0.5% for the second resonator.
TABLE I: Main parameters of the two CPW resonators: f0 and QL are the measured resonant frequency
and the loaded quality factor, respectively. Cc is the fitted coupling capacitance.
Type f0(GHz) Cc(fF) QL
1 3.09839 4.66 5.6 × 103
2 3.31779 2.90 4.0 × 104
Finally, we fit the peak shape of the measured S21 parameters by Lorentizian function
S21(ω) = A0
(ω0/2QL)
2
(ω − ω0)2 + (ω0/2QL)2 , (12)
with A0 being the measured value of the S21 parameters at their the resonance points. Physically,
A0 represents how much power transport from one port to another in percentage so that we must
minus the cable losses and insertion loss. Certainly, A0 = 1 refers to the full power transmission.
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It is seen from Fig. 3 that, the measured peak shape deviates the standard Lorentizian shape with
certain frequency broadenings.
In conclusion, we have designed and fabricated two types of Nb λ/2 symmetrically coupled
CPW resonators and measured their microwave transmission properties at the temperature of 20
mk for lower input powers. The measured data around the resonant points have been fitted well by
using the usual ABCD matrix model and the relevant parameter such as the coupling capacitance
Cc of the CPW resonators were determined. It was found that the measured transmission peak
were not the standard Lorentizian shape. The reason of the found frequency broadenings would
be investigated in detail in future. Finally, we found that the background noise is dominant at the
non-resonant points, which should be further suppressed by using the further filtering technique.
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